When you're ridin' sixteen hours and there's nothin' much to do. And you don't feel much like ridin', you just wish the trip was through. From 'Turn the Page' by Bob Seger This is an exposition of aspects of the result of Daskalopoulos and Sesum [2] that any complete noncompact ancient solution M 2 , g (t) to Ricci flow with bounded R > 0 and finite width must be the cigar soliton (we follow some of the main ideas of their proof). Around the same time S.-C. Chu [1] (based on earlier work of Shi and Ni-Tam) proved that finite width follows from the former properties.
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Suppose f : M → R satisfies ∆f = R. By the Bochner formula for ∆|∇f | 2 and Rc = R 2 g, we have
For any smooth bounded domain Ω ⊂ M, by the trace Harnack estimate and the divergence theorem
By Shi's local derivative estimate, |∇R| ≤ C on M. Since inj (p) ≥ c > 0, lim p→∞ R(p) = 0 at each time t by the Cohn-Vossen theorem or Hamilton's curvature bumps result. Shi's estimate again yields lim p→∞ |∇R|(p) = 0. Fix t and suppose the width of g(t) is finite. For any p i → ∞, there exist embeddings ϕ i such that (ϕ * i g (t) , p i ) subconverges in C ∞ to a flat S 1 × R, g ∞ , p ∞ for if any limit is a flat R 2 , then the width of g(t) is infinite. Push forward by ϕ i the geodesic circle containing
, where g c = dx 2 +dy 2 x 2 +y 2 is isometric to a −1 g ∞ , a > 0. Let p i = (θ i , s i ). By the finite width condition, for each subcylinder C of length 1 in 
